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a{ "Ane of the most striking and
‘ - beautiful behaviors in the world
n&:; s‘_“% around us is the way systems in
M nature take their shape. This
process of pattern formation occurs in a wide
variety of systems, including sand, flames,
lasers, fractures, river networks, chemical
reactions, and growing organisms (morpho-
genesis). In many instances, the patterns
share common features and similar shapes
appear repeatedly (e.g., stripes, hexa-
gons, squares, and spirals). The important
role of instabilities in pattern formation
can be demonstrated in visually appeal-
ing experiments for an introductory
physics classroom. In addition, simple
experiments on pattern formation can be
used for low-cost undergraduate labora-
tory projects in the study of instabilities.

In this paper, we describe how pattern-
forming behaviors can be easily demon-
strated in two fluid experiments that
played pivotal roles in the development
of fundamental concepts in pattern for-
mation. Experiments in fluids provide the
best understood pattern-forming exam-
ples since the governing equations and
control parameters of fluid systems are
known, experimental conditions can be
well defined and easily controlled, and
the patterns can be readily visualized.

General Features
of Pattern Formation

Patterns often appear or change when the
physical system crosses a threshold condition,
similar to a phase change at a boiling or melt-
ing point. In typical experiments, there are one
or more control parameters that permit the
experimental conditions to be varied continu-
ously. At well-defined (critical) values of the
control parameters, patterns appear or change
spontaneously due to an instability; the system
is said to undergo a bifurcation or transition.
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These transitions differ qualitatively from
equilibrium phase transitions (e.g. the freezing
of a liquid), however. Equilibrium phase tran-
sitions are governed by the minimization of a
free energy; pattern forming bifurcations arise
when a system is driven far from thermody-
namic equilibrium to where no free energies
are expected to exist. The control parameters
characterize the strength of the nonequilibrium
driving; in the experiments we discuss, the
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Fig. 1A. Taylor-Couette demonstration, horizontal cross section.
Fluid is confined between inner cylinder of radius r and outer
cylinder of radius R. Inner and outer cylinders may indepen-
dently rotate with angular velocities w and £}, respectively.

B. Schematic of Taylor-Couette demonstration apparatus.

parameters can also be interpreted as a mea-
sure of the competition between driving and
dissipative mechanisms; the driving mecha-
nism “wins” at the appearance (onset) of the
bifurcation and a new pattern forms.

Taylor-Couette Flow
between Rotating Cylinders

In 1923, Geoffrey I. Taylor performed a
comprehensive study of instability in rotating
fluid flow that Sir Isaac Newton had described

Vol. 35, Oct. 1997

THE PHYsICS TEACHER

Stephen J. Van Hook
received his Ph.D. in physics
from the University of Texas
at Austin in 1996 and is cur-
rently studying pattern for-
mation and surface-tension-
driven instabilities as a post-
doctoral researcher. He is
particularly interested in
physics education at all

grade levels and increasing
the interest in science by the
general public.

Center for Nonlinear
Dynamics and Department
of Physics, University of
Texas at Austin, Austin, TX
78712; svanhook@chaos.
ph.utexas.edu.

391

Downloaded 28 Sep 2012 to 130.207.140.200. Redistribution subject to AAPT license or copyright; see http://tpt.aapt.org/authors/copyright_permission



Michael Schatz is an assis-
tant professor in the school
of physics at the Georgia
Institute of Technology. He
has a B.S. in physics from
the University of Notre

Dame and a Ph.D. in physics

from the University of Texas
at Austin. His research area
is nonlinear dynamics, with
emphasis on experimental
studies of pattern formation
and of complex behavior in
spatially extended systems.
His current teaching inter-
ests focus on implementing
and assessing active learn-
ing techniques for large
introductory physics lec-
tures.School of Physics,
Georgia Institute of
Technology, Atlanta, GA
30332
michael.schatz@physics.
gatech.edu

392 THE PHysIcs TEACHER

schematically in the Principia.! The fluid was
confined between two concentric cylinders that
could be rotated independently (Fig. 1). Using
dye injected into the flow, Taylor observed
structureless azimuthal flow (Couette flow) for
small rotation rates (Fig. 2A). However, as the
rotation rate increased, Taylor observed the
abrupt appearance of donut-shaped vortices
(Taylor vortices) that encircled the inner cylin-
der (Fig. 2B). Taylor’s theoretical analysis of
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Fig. 2. Sequence of flows from Couette flow to turbulence using
aluminum powder in water/glycerol mixture. White horizontal
lines are 10 -ml marks (1.9 cm apart) on graduated cylinder. A.
Couette flow (Re ~ 25); B. Taylor vortices (Re ~ 300, 9 vortices);

C. turbulent Taylor vortices (Re ~ 4000, 8 vortices).

the flow yielded the first predictions for the
onset of a pattern in a physical system that is in
quantitative accord with experimental observa-
tions. For this reason, this experiment is known
as Taylor-Couette flow.2 (In 1890, M. Couette
used this flow to determine fluid viscosities;
this technique is still in widespread use.) Later
experiments in Taylor-Couette flow yielded the
first convincing evidence for the existence of
chaos (i.e., deterministic unpredictable behav-
jor) in nature.3

To understand the physical cause of the
Taylor vortices, consider the special case where
the outer cylinder is at rest ({2 = 0 in Fig. 1A).
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As the inner cylinder rotates, an annulus of
fluid near the inner cylinder begins to rotate in
the same direction, and at the same time tends
to fly radially outward due to centrifugal
forces. The centrifugal force per unit volume of
fluid is ~ prw? with fluid density p, inner cylin-
der radius r, and angular velocity w. The vis-
cosity of the fluid produces frictional forces
that oppose the action of the centrifugal forces;
this viscous friction per unit volume of fluid is
~ pvw/r with the kinematic viscosity
v (with dimensions of length
squared divided by time).* The
strength of the centrifugal forces (the
driving mechanism) relative to the
friction (the dissipative mechanism)
is, therefore, (pru)z) X (rlpyvw) =
wrZfv = Re, the Reynolds number,
which is the control parameter for
Taylor-Couette flow.

In an experiment, Re is varied by
varying w. For Re sufficiently small
(w small), friction suppresses the
centrifugal effects and purely
azimuthal flow (Couette flow)
results. For Re sufficiently large (w
large), however, the centrifugal
forces overcome the friction, fluid
flows axially and radially as well as
azimuthally, and Taylor vortices
form. This qualitative change in
behavior (bifurcation) occurs at a
well-defined value of Re known as
the critical value, Re .. Note that this
bifurcation arises at the same value
of Re. for a variety of different
experimental conditions (different
fluids, different rotation speeds,
etc.).5 As Re is increased further,
the system undergoes a series of
bifurcations to new states until the
flow eventually becomes turbulent
(Fig. 2C). (A phase diagram of possible states
can be found in Ref. 4.)

You can demonstrate Taylor-Couette flow
(with €} = 0) by constructing a simple appara-
tus from the following components (see Fig. 1):

* a 100-ml graduated cylinder

» acylindrical rod (~1 l/4 cm diameter, 20

cm long)

« a flexible washer (e.g., a garden-hose

washer)

« al/,-in ID (R8VV) caged bearing

 athick (~ 1/2 cm wide) rubber band

» asmall dc motor (e.g., Radio Shack No.

273-256)
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 potentiometer (e.g., 50 £1)

 a battery or dc power supply

« electrical tape

The inner cylinder (rod) must be held firmly at the center
of the outer cylinder (graduated cylinder) and yet be allowed
to rotate freely. Restrict the lateral movement of the rod by
installing the caged bearing at the top of the graduated
cylinder and a flexible washer near the bottom. The flexi-
ble washer should press against the outer cylinder and
have an inner diameter slightly larger than the diameter of
the rod so that the rod can rotate freely without significant
radial motion. The caged bearing should fit tightly on the
rod so that the rod is suspended above the bottom of the
graduated cylinder. The bearing is then secured to the top
of the graduated cylinder with electrical tape. Couple the
rod to the motor shaft by short strips cut from a thick rub-
ber band; the strips provide a flexible connection so that
precise alignment between the motor and the rod is unnec-
essary. If the radius of the motor shaft is much smaller
than r, you can wrap electrical tape symmetrically around
the motor shaft to increase its diameter to a size that
enables connection of the rubber band strips.

Fill the graduated cylinder with liquid before inserting
the rod. Vegetable oil has a high viscosity suitable for
demonstrating the transition to Taylor vortices, whereas
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Fig. 3A. buoyancy driving mechanism for convection; B. surface-tension
driving mechanism for convection; C. schematic of a simple Bénard con-
vection cell.

water’s low viscosity permits observation of turbulent
flow for even small rotation rates. Alternatively, you can
mix water with differing amounts of glycerol (also
referred to as glycerin) to select the viscosity over a wide
range. Glycerol can be obtained from a local pharmacy or
science supply catalog;® a 30% water/70% glycerol mix-
ture by weight is suitable for initial experiments.

Bronze or aluminum powder flakes suspended in the
fluid will reveal the flow pattern. You can purchase bronze
powder directly from a hardware or arts supply store.’
Aluminum powder appropriate for visualization is harder
to purchase directly (the powder must be in the form of
flakes rather than grains); however, we found a hobby
paint pigment that was well suited for revealing the flow
patterns.® To prevent clumping, add a small amount of lig-
uid soap to the powder before adding to aqueous liquids
(this is not necessary with oil). For optimum visualization,
perform the demonstration as soon as possible after mix-
ing, since the powder will eventually settle to the bottom
of the graduated cylinder.

Beénard Convection

Diverse patterns can also arise in thin pools of liquid
heated uniformly from below (Fig. 3). In his physics Ph.D.
dissertation work at the turn of this century, Henri Bénard
conducted the first laboratory experiment in pattern for-
mation. Bénard found that, for sufficiently large heating,
convection would spontaneously arise in an initially qui-
escent fluid and organize into a set of polygonal cells.
More than a half a century elapsed before J.R.A. Pearson
developed a theory that explained how surface tension
forces caused the patterns observed by Bénard.? Earlier,
Lord Rayleigh proposed that the fluid motion in Bénard’s
experiment was driven by buoyancy forces,*? but
Rayleigh’s computations of the heating necessary for pat-
tern formation did not agree with Bénard’s observations.
Nevertheless, buoyancy also can cause patterns and is
responsible for pattern formation in many modern studies
of thermal convection.

Buoyancy and surface tension drive convection in sig-
nificantly different ways. Buoyancy can cause flow
because warm fluid near the bottom of the liquid pool
becomes less dense as it expands; the warm liquid then
tends to rise and the cooler, more dense liquid at the top of
the pool tends to fall (Fig. 3A). This process continues
indefinitely since fluid is continually warmed by the heat-
ed surface at the bottom of the pool; therefore, convective
flow results if the heating is sufficiently large. The buoy-
ancy force per unit volume of fluid is ~ pagAT with the
fluid density p, the temperature coefficient of volume
expansion «, the gravitational acceleration g, and the tem-
perature difference between the bottom and the top of the
pool AT. Surface tension can cause flow whenever the tem-
perature varies along the top of the pool. Since surface ten-
sion generally decreases with temperature, warm spots at
the top will have lower surface tension than cool spots at the
top; the resulting difference in surface tension will cause
flow from the warm spots to the cool spots (Fig. 3B). Since
the fluid pulled from the warm regions at the top is replaced
by fluid from below that is heated, the difference in surface
tension and, hence, the flow, is sustained if the heating from
below is sufficiently large. The surface tension force per
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unit volume of fluid is o AT/ d? with the pool depth d,
surface tension o, and o = — do/dT.The ratio of the
surface tension forces to the buoyancy (J'T/pgcm_'2 deter-
mines which effect is paramount. In an experiment this is
most easily varied by changing d. Thus, for thin convecting
layers (<~ 1 mm deep) surface tension dominates whereas
buoyancy is more important for thicker layers.

Friction and thermal diffusion oppose both driving
mechanisms; the balance between driving and dissipation
yields a control parameter for each of the buoyancy and the
surface-tension cases. As in the Couette-Taylor system,
frictional forces arise in convection from the viscosity of
the fluid. In addition, hot spots are smoothed out as heat is
carried away by molecular motion (thermal diffusion),
reducing the temperature gradients within the fluid that
drive convection. Both effects combine to yield a dissipa-
tive force per unit volume ~ pk/d®, where « is the thermal
diffusivity of the fluid. The strength of the driving force
relative to the dissipative forces is (pagAT) X (d3/puK) =
agATd/ vk =Ra, the Rayleigh number, which is the con-
trol parameter for the buoyancy-dominated case,
(opAT/d?) X (Plpvk) = opATdlpvk = Ma, the
Marangoni number, which is the control parameter for the
surface-tension dominated case.

The bifurcations leading to the formation of patterns in
convection require a finite value of control parameter. In an
experiment, Ra and Ma can be continuously changed by
varying AT; for Ra and Ma that exceed the critical values
Ra. and Ma_, the buoyancy and surface tension forces
overcome the dissipative forces, fluid begins to flow, and
patterns form. When surface tension is dominant, the ini-
tial patterns are cellular polygons with primarily a hexago-
nal symmetry (see cover), as first observed by Bénard.
When buoyancy is dominant, the initial state can be either
hexagons or stripes (“rolls”), depending on the upper
boundary. With a free upper surface, hexagonal cells are
the initial pattern. In all cases the patterns arise at the same
value of Ra, or Ma,. for a variety of different experimental
conditions (e.g., different fluids, different AT).

You can demonstrate Bénard convection with an appara-
tus consisting of an open dish and a heating element (see
Fig. 3C). A variety of configurations are possible, including:

A simple home experiment. A skillet with an approxi-
mately 1-mm layer of vegetable oil can be heated
gently on a stove to induce convection.? The patterns
can be visualized by sprinkling a powdered spice
(e.g., cinnamon) on the surface of the fluid.

Quick classroom demonstration. Use a glass Petri dish
and a hot plate to heat a layer of silicone oil. Mix alu-
minum or bronze powder (described earlier for
Couette-Taylor experiments) into the oil; the detailed
structure of the flow pattern shows more clearly than
in the kitchen-spice visualization. (Do rot use metal
powder in dishes that will later be used for cooking.)
Surface tension in most liquids other than silicone oil

will cause the powder to form a surface film, which
ruins the visualization. Silicone oils are commercial-
ly available in a large range of viscosities; !0 a vis-
cosity of 0.5 cm?¥/s will keep the powder in suspen-
sion long enough to perform the demonstration,
without requiring unreasonably large temperatures.
The more uniform the temperature of the bottom
plate, the better the appearance of the cells. For best
results, we recommend placing a metal piate (about
1 cm thick) on top of the hot plate; the silicone oil
rests on this metal plate and is contained by a lateral
sidewall, which can be something as simple as an O-
ring held to the metal plate with glue or grease.

Exploring Pattern Formation

The demonstrations for Taylor-Couette flow and
Bénard convection are versatile enough to examine quali-
tatively a wide range of patterning behaviors. For example:

What is a typical size (length scale) of the pattern?
Compare this with the length scale set by the bound-
aries of the experiment (i.c., the layer depth d in
Bénard convection and the radii r and R in Taylor-
Couette flow.) Change the boundary length scale and
observe how the pattern length scale changes.

How does the first appearance of a pattern depend on
the experimental conditions? Try changing the length
scale or the liquid viscosity. Does the pattern arise
with more or less driving (higher or lower w, AT )?

Are the patterns unique for a fixed experimental con-
figuration? Are the number and shape of the cells
the same at the first appearance of the pattern? Does
the final pattern appearance depend on the rate at
which the control parameter (w, AT) is varied in
time? After the pattern appears, does it keep the
same form or does the pattern change in time?

How do the patterns change as the control parameter
is changed? How many different patterns can be dis-
tinguished? How do they differ from the patterns that
appear at onset? Try changing the experimental
setup (length scale, fluid viscosity) and see if there
are changes to the sequence of patterns that appear
with increasing control parameter.

Video imaging provides a valuable tool to examine the
spatial and temporal behavior of patterns. Patterns record-
ed with a home video camera can help reveal mechanisms
by which the patterns evolve when played back later (at
differing speeds). The multimedia capabilities of modern
computers provide an inexpensive means for capturing pat-
tern images; the video signal from a home video camera
can be digitized using an inexpensive (< $100) frame grab-
ber. The digitized images can then be analyzed quantita-
tively to obtain the pattern length scales and morphology.
Moreover, “time-lapse” images can be recorded and
sequenced to yield a movie that illustrates the longtime
behavior of the pattern.
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These demonstration experiments combined with video
imaging would be suitable for an undergraduate research
project, provided an accurate determination of the experi-
mental conditions were made throughout the run. Some
experimental conditions (e.g., the physical properties of the
liquid) can be obtained from a suitable reference;!!:12 other
conditions (e.g., @ and AT) need to be continually mea-
sured as they are changed.

Conclusions

Pattern formation is a rapidly growing area of research and
one ideally suited for undergraduate exploration in demon-
strations such as described here. A reading of the pattern-
formation literature should provide the reader with ideas for
other demonstration experiments.13,14
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